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Abstract
We consider fermion-gauge couplings in the Wilson-Yukawa approach for
lattice chiral gauge theories. At the leading order of a fermionic hopping
parameter expansion we find that the fermion-gauge coupling has a chiral
and tree-like structure. We argue that this fermion-gauge coupling remains
non-zero in the continuum limit taken in the Higgs phase. Possible fermion-
scalar couplings in this approach are considered. We also evaluate the fermion
interaction with an external gauge field in the slightly modified model and
show that it has a chiral structure in general.
1saoki@ph.tsukuba.ac.jp
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1 Introduction
Construction of chiral gauge theories on the lattice is an important task. The
prime motivation for this effort is that one would like to have full understand-
ing of the standard SU(2) × U(1)Y electroweak theory, which subsumes, but
is not restricted to, perturbation expansions. Indeed, although the standard
electroweak model has been quite successful phenomenologically, it leaves a
number of fundamental questions unanswered, including the nature of the
symmetry breaking and, in particular, why the chiral gauge symmetry SU(2)
× U(1)Y is realized in a ”spontaneously broken” mode, whereas the vecto-
rial gauge invariances of SU(3)color and U(1)e.m. are realized symmetrically
(in confined and deconfined modes, respectively). The conventional Higgs
mechanism does not explain this since, among other things, no ab initio
reason is given for choosing the symmetry-breaking sign of the coefficient
of φ†φ in Lew. Partially in response to this inadequacy and the problems
of the quadratic mass shift and necessity of fine-tuning in the Higgs sector,
appealing alternative mechanisms have been proposed involving dynamical
symmetry breaking without any fundamental scalars. However, one knows
very little about the properties of such pure chiral gauge theories. A bet-
ter understanding of these might well yield a deeper insight into how the
electroweak symmetry is realized in nature. Moreover, since the top quark
is now known to have a mass greater than the W boson, the corresponding
physical Yukawa coupling in the standard model is of order unity, so that in
studying the physics of the top quark, it is desirable to use a method which
is capable of nonperturbative calculations.
The lattice approach provides a potentially useful tool for all of these
purposes since it deals with the full path integral and is not limited to per-
turbative expansions in couplings. However, there has been a serious dif-
ficulty in applying this method: because of fermion doubling, each lattice
fermion field yields 2d = 16 fermion modes, half of one chirality and half
of the other, so that the lattice theory is nonchiral (e.g. Ref. [1]). There
are several lattice formulations of the chiral gauge theories. Among these
formulations the Wilson-Yukawa approach[2, 3, 4, 5] has been extensively
studied during the past few years[6, 7, 8, 9]. It is now established that the
decoupling of fermion doublers can be made in the strong Wilson-Yukawa
coupling region. Therefore it seems that this approach successfully describes
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lattice chiral gauge theories. However base on a recent numerical study[10]
which suggests that only gauge singlet fermions become light in the symmet-
ric phase of the fermion-scalar system in this approach, it is claimed[11] that
the gauge-fermion interaction vanishes in the continuum limit in the order
of a2 where a is a lattice spacing, and therefore that the Wilson-Yukawa ap-
proach fails to describe the chiral gauge interaction. In this paper we consider
this problem in detail to see whether the Wilson-Yukawa approach indeed
fails or not. We calculate the gauge-fermion coupling using a fermionic hop-
ping parameter expansion and find that it is likely that the fermion-gauge
coupling in the Higgs phase remains non-zero in the continuum limit. The
Wilson-Yukawa approach is still alive.
In the next section, we define a simple model in this approach where a
right-handed part of the fermion is a gauge singlet. We briefly summarize
how the fermion doublers are decoupled in the continuum limit. In sect. III
we calculate the gauge fermion interaction[12] using the hopping parameter
expansion and find that the fermion-gauge coupling has a chiral and tree-like
structure. We argue that this fermion-gauge coupling remains non-zero in
the continuum limit taken in the Higgs phase. There we discuss a possible
explanation why the gauge interaction in the standard model is perturbative.
A Yukawa coupling is also considered. In sect. IV we calculate a charged
fermion interaction with an external gauge field in the modified model given
in ref.[11] where it is claimed that this coupling becomes vector-like. We
show that this coupling appears to be chiral in general. A conclusion is given
in sect. V and a more complicated model where both left- and right- handed
fermions are gauge non-singlet are considered.
2 The Model and the Decoupling of Fermion
Doublers
We define a lattice chiral gauge theory with a right-handed fermion being
gauge singlet in the Wilson-Yukawa approach. The action is given by
S = SG + SH + SF + SY + SWY (2.1)
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where SG is the action for the gauge link variable Un,µ ∈ U(1) or SU(2),
SH = βh
∑
n,µ
rnrn+µRe[dNTr(gnUn,µg
†
n+µ)]− λ
∑
n
[(r2n − 1)2 + r2n] (2.2)
is the action for a Higgs field φn = rngn with rn ∈ R defined by r2n = φ†nφn,
gn ∈ U(1) or SU(2) satisfying g†ngn = 1, and dN = 1 for the U(1) case and
dN = 1/2 for the SU(2) case. SF + SY + SWY is the fermionic part of the
action where
SF =
1
2
∑
n,µ
ψ¯n[(Un,µPL + PR)ψn+µ − (Un,−µPL + PR)ψn−µ] (2.3)
is the naive fermion action with PL/R =
1± γ5
2
,
SY = y
∑
n
rnψ¯n(gnPL + g
†
nPR)ψn (2.4)
is the Yukawa interaction with a Yukawa coupling y, and
SWY = − r2
∑
n,µ ψ¯n[PL(gn+µψn+µ + gn−µψn−µ − 2gnψn)
+PRg
†
n(ψn+µ + ψn−µ − 2ψn)] (2.5)
is the Wilson-Yukawa term with the Wilson-Yukawa coupling r.
There are few remarks for the above action.
1. Only g field instead of φ appears in the Wilson-Yukawa term. If φ
is introduced in the Wilson-Yukawa term, we have to tune the Wilson
parameter r in order to decouple the fermion doublers in the continuum
limit. Although this is possible, it is not so easy in this case to formulate
the Hopping parameter expansion Therefore we do not introduce φ in
the Wilson-Yukawa term in this paper.
2. The lattice Higgs action SH is obtained from the usual continuum (cn)
parametrization[13]
SH,cn = −
∫
ddx[|Dµϕcn|2 − λcn(|ϕcn|2 − v2cn)2] (2.6)
under the substitutions
ϕcna =
√
βh
2
φ
4
v2cna
2 =
βh
2
[1 +
(βhd− 1)
2λ
]
λcn =
4
β2h
λ
where d is the space-time dimension and a is the lattice spacing. The
λ → ∞ limit is usually taken in the Wilson-Yukawa approach so that
the Higgs field becomes non-linear σ model ( : ∀n, rn = 1 ). The
shift symmetry of the above action[14] prohibits Yukawa interactions
between the gauge singlet fermion and the non-linear Higgs field in this
limit. In this paper we use the linear Higgs field instead in order to
allow the Yukawa interaction. See also ref.[15].
3. It is also noted that the vacuum expectation value of rn is not equal to
the vacuum expectation valu of φn : 〈φn〉 = 〈rngn〉 6= 〈rn〉. This 〈rn〉 is
always non-zero and
lim
λ→∞
〈rn〉 = 1. (2.7)
We therefore define ρn ≡ rn − 〈rn〉 as the dynamical variable.
The gauge singlet fermion field χ is defined by
χn =
1√
2K
(gnPL + PR)ψn, χ¯n =
1√
2K
ψ¯n(g
†
nPR + PL) (2.8)
where K =
1
2(〈rn〉y + dr) is the hopping parameter. Since the gauge singlet
fermion field is expected to appear as a particle in the strong Wilson-Yukawa
coupling region, we rewrite the fermionic part of the action in terms of χ and
obtain
SF + SWY + SY =
∑
n,µ
χ¯n[(1 + 2Kρn)χn −K(Tn,µχn+µ + Tn−µχn−µ)] (2.9)
where
Tn,µ = r − γµ(Ugn,µPL + PR)
Tn,−µ = r + γµ(U
g
n,−µPL + PR)
and Ugn,µ ≡ gnUn,µg†n+µ is the gauge singlet link variable. If K is small, we
can expand fermionic quantities in terms of K and we call this expansion
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the hopping parameter expansion( HPE )[6, 8]. It is noted that the large
r expansion[16] is also applicable to our simple action. We check that both
expansions give the same results for the quantities we calculate in this papaer.
In order to calculate the fermion propagator, we write down a recursion
relation for the fermion:
〈χnχ¯m〉 = −δnm − 2Kδnm〈ρnχnχ¯m〉+K
∑
±µ
〈Tn,µχn+µχ¯m〉. (2.10)
Using the truncation of the recursion relation and the fact that 〈ρn〉 = 0 we
obtain
〈χnχ¯m〉 = −δnm +K
∑
±µ
〈Tn,µ〉〈χn+µχ¯m〉. (2.11)
The fermion propagator is calculated as
GF (n−m) ≡ 〈χnχ¯m〉 = −

1−K∑
±µ
Tµ∇µ


−1
nm
(2.12)
where T±µ = r ∓ γµ(LPL + PR), L = 〈Ugn,µ〉 and [∇±]nm = δm,n±µ. In the
momentum space it becomes
GF (p)
−1 = −2K[∑
µ
γµ sin pµ(LPL + PR) + y〈rn〉+ r
∑
µ
(1− cos pµ)]. (2.13)
The physical fermion mass in lattice unit is given by
mphya = y〈rn〉Z1/2F (2.14)
while the mass of the fermion doubler becomes
mda = (y〈rn〉+ 2rl)Z1/2F (2.15)
where ZF =
1
L
and l denotes the number of pi’s for the doubler momenta.
(We call such doublers as l-th doublers.) From the above formula, it is easy
to see the following results[6, 7, 8, 9].
1. We have to tune the Yukawa coupling y such that lima→0 y = 0 in
order to get the finite mphy in the continuum limit since lima→0〈rn〉 ·
Z
1/2
F 6= 0 . This also shows that the fermion mass stays non-zero
even in the symmetric phase of the scalar model where the vacuum
6
expectation value of the Higgs field, vR = 〈φRn 〉, vanishes. Therefore,
the perturbative relation mphy = YRvR does not hold in the strong
Wilson-Yukawa coupling region, where YR is the renormalized Yukawa
coupling.
2. With this tuning of y, the fermion doublers are decoupled in the con-
tinuum limit since lima→0mda = 2lr × ZF 6= 0.
In the next section we calculate fermion couplings[12] using the HPE.
3 Fermion Couplings
In the action (2.9) the gauge singlet fermions χ, χ¯ couple to the singlet link
variable Ugn,µ. Since naively
Ugn,µ ≃ UTn,µ(transverse mode) + gngn+µ(longitudinal mode), (3.1)
the action describes an interaction between the singlet fermion and a massive
vector field. This is the type of interactions needed for the electro-weak
interaction. We have to study more carefully, however, whether this is true
or not since the quantum fluctuation of g field may invalidate the naive
expectation. In the scaling region of the lattice gauge-Higgs system, the
operator Ugn,µ is expected to interpolate the Higgs fields as well as the gauge
field such that
Ugn,µ =< U
g
n,µ > +H(n) + iA
a
µ(n)T
a + · · · (3.2)
where H is the spin-0 interpolation field for the Higgs field, Aµ is the spin-1
interpolation field for the gauge field, and T a which satisfies Tr(T aT b) = δab
is the generator of the gauge group in the representation of the left-handed
fermion. Other excited states, which are denoted by · · · above, may exist,
but we neglect them hereafter. Since these operators are dimensionless on
the lattice, the two points functions of these operators in the scaling region
become
GH(p) =
∑
n
< H(0)H(n) > eipa·n ≃ ZH
p2a2 +m2Ha
2
(3.3)
δabG
A
µν(p) =
∑
n
< Aaµ(0)A
b
ν(n) > e
ipa·n ≃ δab ZA
p2a2 +m2Ga
2
(
δµν +
pµpν
m2G
)
(3.4)
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in the momentum space, where mG( mH ) is the dimensionful mass of gauge
(Higgs) field. The residue ZG( ZH ) becomes the wave-function renormaliza-
tion constant for the operator Aµ( H ) and it gives the overlapping between
this operator and the possible asymptotic state for the gauge( Higgs ) field.
If ZG( ZH ) remains non-zero in the continuum limit, the asymptotic gauge(
Higgs ) field exists in this theory and it couples to Aµ ( H ). This also shows
how a linear Higgs field H can appear from the non-linear field g. We hope
that the appearance of the linear Higgs field leads to a renormalizable theory
in the scaling region even if the original lattice action is not perturbatively
renormalizable due to the non-linearity of g in the Wilson-Yukawa term.
Since the operator ρn can also interpolate the Higgs fields, we can define
Gρ(p) =
∑
n
< ρ0ρn > e
ipa·n ≃ Zρ
p2a2 +m2Ha
2
. (3.5)
From eq. 3.2 and eq. 3.5, we also obtain
GHρ(p) =
∑
n
< H(n) · ρn > eipa·n ≃
√
ZHZρ
p2a2 +m2Ha
2
. (3.6)
Now we demonstrate how the fermion coupling with the gauge( Higgs )
field is calculated in the hopping parameter expansion[12]. First we introduce
source terms for the gauge field and the Higgs field in the action:
S +
∑
n
JHn H(n) +
∑
n,µ
Jan,µA
a
µ(n). (3.7)
Next we write down the previous recursion relation for the fermion prop-
agator in the presence of the source terms. Using the same truncation of the
previous calculation we obtain
〈χnχ¯m〉J = −δnm − 2Kδnm〈ρn〉J〈χnχ¯m〉J +K
∑
±µ
〈Tn,µ〉J〈χn+µχ¯m〉J (3.8)
where 〈 · 〉J is the vacuum expectation value in the presence of the source
J ’s. Taking the derivative with respect to the sources and putting them zero
we obtain the following three points functions
〈χnχ¯mAaµ(l)〉 = iK
∑
s,ν GF (n− s)γνT a[GF (s+ ν −m)GAνµ(s+ ν/2− l)
+GF (s− ν −m)GAνµ(s− ν/2− l)] (3.9)
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〈χnχ¯mH(l)〉 = K∑s,ν GF (n− s)γν [GF (s+ ν −m)GH(s+ ν/2− l)
−GF (s− ν −m)GH(s− ν/2− l)]
+2Ky
∑
sGF (n− s)GρH(s− l)GF (s−m). (3.10)
From the above expression we obtain the renormalized fermion-gauge vertex
denoted as Γaµ(p, q) in momentum space;
Γaµ(p, q) = iγµPLT
a cos
(p+ q)µa
2
Z
1/2
G ZF (3.11)
where p and q are fermion momenta with p−q being the momentum transfer
to the gauge field. This vertex has the correct chiral structure ( γµPL )
and gauge structure( T a ). In the continuum limit the coupling constant grF
becomes
grF = lima→0
Z
1/2
G
L
. (3.12)
It is generally believed that the continuum limit of the gauge-Higgs system
can be taken at ( βg , βh ) = (∞ , βch ), where βg is the inverse gauge coupling,
and βc is the second order phase transition point of the Higgs system without
gauge field. At this continuum limit, it is easy to see that 0 < L < 1. If the
continuum limit taken in the broken phase gives a non-zero ZG;
lim
βg→∞,βhցβ
c
h
ZG 6= 0, (3.13)
the fermion-gauge interaction remains non-zero in the continuum limit. If
this is the case, the Wilson-Yukawa approach can describes the fermion inter-
action with the massive gauge field. Therefore it is very crucial and important
for the Wilson-Yukawa approach to investigate the behaviour of ZG near the
continuum limit. For example, the perturbative expansion in the unitary
gauge (∀gn = 1) gives L = 1 + O(g2r) and ZG = g2r + O(g4r)2 where gr is the
renormalized coupling of this perturbative expansion, and the formula for grF
give the consistent relation grF = gr. The perturbative calculation, however,
may not be reliable due to the large quantum fluctuation of g field near the
scaling region even in the broken phase. In order to obtain the behaviour
of ZG more reliably we have to calculate it numerically. This numerical
calculation should be done.
2 It is noted that the lattice gauge field Aµ is related to the continuum gauge field A
con
µ
such that Aµ = agrA
con
µ
.
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Assuming that the Wilson-Yukawa approach gives the non-zero coupling,
we may explain why the electroweak interaction is well described by the per-
turbative expansion of the coupling constant. The argument is the following.
Since only gauge singlet fields such that χ, χ¯ and Ug can appear as the asymp-
totic states in the strong Wilson-Yukawa coupling region where the fermion
doubler is removed, interactions among these neutral fields is expected to be
weak. Indeed the hopping parameter expansion which is valid in the strong
Wilson-Yukawa region show that the fermion-gauge vertex is dominated by
the tree-like diagram. Furthermore higher order corrections to the vertex
in the hopping parameter expansion correspond to those of the perturbative
expansion of the gauge coupling constant. This is the reason why the per-
turbative theory successfully describes the fermion-gauge interaction in the
region where the hopping parameter expansion is reliable.
Recently it is claimed that the fermion-gauge coupling vanishes as O(a2)
in the continuum limit taken in the symmetric phase. This is equivalent to
the behaviour ZG = O(a
4) near the scaling region. This behaviour may be
true in the symmetric phase, since the symmetric phase may be similar to
the confining theory and only glue balls, not the gauge field, can appear as
asymptotic sates in the confining theory. The Wilson-Yukawa approach may
fail to describe the symmetric phase of chiral gauge theories. Even if this is
the case, it does not mean that the Wilson-Yukawa approach fails to describe
the standard model in the broken phase. Since we expect that the massive
gauge field appear in the broken phase, it is likely that lima→0 ZG 6= 0 in the
broken phase.
Finally the renormalized fermion-Higgs coupling ΓH(p, q) is calculated as
ΓH(p, q) = i
∑
µ
γµPL sin
(p+ q)a
2
Z
1/2
H ZF + yZ
1/2
ρ ZF (3.14)
The first term, which has been calculated for the case of the non-linear Higgs
field, is the derivative coupling with dimension 5 and this coupling vanishes
as O(a) in the continuum limit[12]. The second term is the ordinary Yukawa
coupling which becomes
y lim
a→0
Z1/2ρ ZF (3.15)
in the continuum limit[15]. From the triviality of the Yukawa interaction,
however, we expect that the Yukawa coupling logarithmically goes to zero
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in the continuum limit. Therefore Z1/2ρ ZF should logarithmically go to zero
according to the prediction of the renormalization group equation.
4 Charged Fermion Couplings with the Ex-
ternal Gauge Field
In this section we consider fermion couplings with the external gauge field in
the slightly modified Wilson-Yukawa term[11]:
SWY = − r2 ψ¯n[PLgn(Un,µψn+µ + Un,−µψn−µ − 2ψn)
+PR(Un,µg
†
n+µψn+µ + Un,−µg
†
n−µψn−µ − 2g†nψn)]. (4.1)
In terms of the vectorially charged fermion field Cn defined as
Cn =
1√
2K
(PL + g
†
nPR)ψn = g
†
nNn, C¯n =
1√
2K
ψ¯n(PR + gnPL) = N¯ngn,
(4.2)
the fermionic part of the action becomes
SF + SY + SWY =
∑
n
C¯n[Cn −K
∑
µ
(T cn,µCn+µ + T
c
n,−µCn−µ)] (4.3)
where
T cn,µ = Un,µ(r − γµPL)−Rn,µγµPR
T cn,−µ = Un,−µ(r + γµPL) +Rn,−µγµPR (4.4)
and Rn,µ = g
†
ngn+µ. For simplicity we take the λ→ 0 limit here( 〈rn〉 = 1 and
ρn = 0 ). It is noted that the charged fermion propagator in the global limit
( : ∀Un,µ = 1 ) of this model is reliably calculated by the hopping parameter
expansion, and we obtain
GcF (p) =
∑
n
〈C0C¯n〉eip·n = −(2K)−1[i
∑
µ
γµ sin pµ(PL + Z
−1
R PR) +M(p)]
−1
(4.5)
where Z−1R = R ≡ 〈Rn,µ〉. This is the reason why we use the modified action
instead of the one in the previous two sections.
Introducing the external gauge field V aµ (n)T
a such that
Un,µ = exp[iV
a
µ (n)T
a] (4.6)
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we define the current Jaµ to which the external gauge field V
a
µ couples:
Jaµ(n) =
[
δS
iδV aµ (n)
]
Vµ=0
. (4.7)
The gauge current becomes
Jaµ(n) = βhdNtr(gnT
ag†n+µ − gn+µT ag†n)
+K[C¯nT
a(γµPL − r)Cn+µ + C¯n+µT a(γµPL + r)Cn]. (4.8)
We calculate the 3 points function using the hopping parameter expansion.
By a method similar to that in the previous sections, we obtain
〈C inC¯jmJaµ(l)〉 = K(T a)ij[dNβh
∑
s,ν
GF (n− s){GBµν(l − s)γνPR
×GF (s+ ν −m) +GBµν(l − s+ ν)γνPRGF (s− ν −m)}+GF (n− l)
×(γµPL − r)GF (l + µ−m) +GF (n− l − µ)(γµPL + r)GF (l −m)] (4.9)
where
δabGµν(l − s) = 〈Baµ(l)Bbν(s)〉 (4.10)
and Baµ(n) = Im[tr(gn+µT
ag†n)] . After the renormalization for the fermion
field such that
Cn =
1√
2K
(Z
1/2
R PR + PL)C
r
n, C¯n =
1√
2K
C¯rn(Z
1/2
R PL + PR) (4.11)
and
GF (n) =
1
2K
(Z
1/2
R PR + PL)G
r
F (n)(Z
1/2
R PL + PR) (4.12)
(Here r stands for the renormalized .), we obtain
〈CrnC¯rmJaµ(l)〉 =
T a
2
[dNβhZR
∑
s,ν
GrF (n− s){GBµν(l − s)γνPRGrF (s+ ν −m)
+GBµν(l − s+ ν)γνPRGrF (s− ν −m)}+GrF (n− l)(γµPL − Z1/2R r)
×GrF (l + µ−m) +GrF (n− l − µ)(γµPL + Z1/2R r)GrF (l −m)]. (4.13)
This result shows that the charged fermion interaction with the external
gauge field is chirally asymetric: the left-handed fermion and the right-
handed fermion have differents couplings with the external gauge field.
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In the limit that βh → 0 of the above result, we can reproduce the result
in ref.[11]. Since in this limit
Gµν(l − s)B = 1
2
δµ,νδl,s (4.14)
and Z−1R ≡ R =
dN
2
βh +O(β
2
h), we obtain
lim
βh→0
〈CrnC¯rmJaµ(l)〉 =
T a
2
[+GrF (n− l)(γµ − Z1/2R r)GrF (l + µ−m)
+GrF (n− l − µ)(γµ + Z1/2R r)GrF (l −m)]. (4.15)
This is the result of ref.[11] . Their claim that the charged fermion coupling
with the external gauge field becomes vector-like is only true in the special
limit that βh → 0 and the coupling in general is chirally asymetric.
If we include the effect of the fermion determinant by the HPE[6, 8], we
have to replace βh with β
eff
h = βh + 2
d/2K2 in all results of this paper.
5 Conclusion and Discussion
In this paper we calculate the fermion couplings using the hopping parameter
expansion. We obtain the following results.
1. The interaction between the gauge singlet fermion and the massive
gauge field has a chiral structure and it likely stays non-zero in the
continuum limit taken within the Higgs phase. Since we can take the
unitary gauge such that ∀gn = 1 in the Higgs phase, there is no es-
sential difference between the singlet fermion and the charged fermion.
Therefore it is concluded that the Wilson-Yukawa approach can cor-
rectly describe the fermion-gauge interaction of the standard model.
Since the fermion-gauge interaction in the HPE is dominated by the
tree diagram of the ordinary perturbative expansion of the coupling,
the success of the perturbative expansion in the standard model is un-
derstood by the goodness of the HPE in the strong Wilson-Yukawa
coupling egion.
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2. By introducing the linear part of the Higgs fields, rn, in the action,
the non-zero Yukawa coupling is calculated in the Wilson-Yukawa ap-
proach. We show that the Yukawa coupling at the leading order of
the HPE is identical to the perturbative Yukawa coupling of the stan-
dard model. The Wilson-Yukawa approach can correctly describe the
Yukawa interaction of the standard model.
3. In the slightly modified model where the charged fermion is reliably
treated by the HPE, the charged fermion interaction with the external
gauge field is calculated. We show that the interaction in general is
chirally asymetric. Therefore, it is not so obvious that the symmetric
phase of this theory becomes a vector-like theory as claimed in ref.[11]
.
The above conclusion can easily be extended to the more complicated
models where both the left-handed part and the right-handed part of fermion
are gauge non-singlet. (The hypercharge sector of the standard model is
an example of such models.) For example, the fermion-gauge coupling is
calculated as follows. The covariant derivative part of the fermion action is
given by
SF =
1
2
∑
n,µ ψ¯n[(D
L(Un,µ)PL +D
R(Un,µ)PR)ψn+µ
−(DL(Un,−µ)PL +DR(Un,−µ)PR)ψn−µ] (5.1)
where DL(R) is the representation of the gauge field for the left(right)-handed
fermion. By the method of sect. III, we obtain the following renormalized
gauge-fermion vertex in the continuum limit.
Γaµ(p, q) = iγµ(g
r
LD
L(T a)PL + g
r
RD
R(T a)PR) (5.2)
where the renormalized couplings are given by
grL = (Z
L
A)
1/2ZLF , g
r
R = (Z
R
A )
1/2ZRF . (5.3)
Here ZLF and Z
R
F are the wave function renormalizations for the fermion fields
and the HPE gives ZLF = 〈DL(Ugµ)〉 and ZRF = 〈DR(Ugµ)〉 at the leading order.
The wave function renormalizations for the bosonic fields are defined by
∑
n
< Laµ(0)L
b
ν(n) > e
ipa·n ≃ δab Z
L
A
p2a2 +m2Ga
2
(
δµν +
pµpν
m2G
)
(5.4)
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and
∑
n
< Raµ(0)R
b
ν(n) > e
ipa·n ≃ δab Z
R
A
p2a2 +m2Ga
2
(
δµν +
pµpν
m2G
)
. (5.5)
where Laµ = D
L(Aaµ) and R
a
µ = D
R(Aaµ). From the consistency amomng Aµ,
Lµ and Rµ, we obtain
∑
n
< Laµ(0)A
b
ν(n) > e
ipa·n ≃ δab
√
ZLA · ZA
p2a2 +m2Ga
2
(
δµν +
pµpν
m2G
)
(5.6)
and
∑
n
< Raµ(0)A
b
ν(n) > e
ipa·n ≃ δab
√
ZRA · ZA
p2a2 +m2Ga
2
(
δµν +
pµpν
m2G
)
. (5.7)
The renormalized fermion gauge couplings grL and g
r
R are both non-zero and
the left-handed coupling grL is different from the right-handed coupling g
r
R if
DL 6= DR. In the hypercharge sector of the standard model, we expect that
grL ∝ YL and grR ∝ YR in the scaling region. Here YL ( YR ) is the hypercharge
of the left-handed ( right-handed ) fermion; DL(R)(U) = UYL(R) .
Final remark is the following. The hopping parameter expansion we use
relates the fermionic quantities such as the propagator or the 3-points func-
tion to the bosonic quantities such as L, ZA or ZH , which, however, can not
be calculated by this expansion. We have to calculate these quantities by
other methods such as a mean-field calculation, a 1/d expansion or numeri-
cal simulations. In particular, a reliable evaluation for ZA is crucial for the
Wilson-Yukawa approach, as mentioned before.
Acknowledgements
I would like to thank Profs. Y. Kikukawa, H. Nielsen, J. Shigemitsu, R.
Shrock and A. Ukawa for useful discussions.
15
References
[1] H. B. Nielsen and M. Ninomiya, Nucl. Phys. B185(1981)20; Nucl. Phys.
B193(1981)173.
[2] P.D. Swift, Phys. Lett. B145(1984)256.
[3] J. Smit, Acta Phys. Polon. B17(1986)531; Nucl. Phys. B4(Proc. Suppl.)(1988)451;
Nucl. Phys. B17(Proc. Suppl.)(1990)3.
[4] S. Aoki, Phys. Rev. Lett. 60(1988)2109; Phys. Rev. D38(1988)618; Nucl. Phys. B4
(Proc. Suppl.) (1988) 479; Nucl. Phys. B9(Proc. Suppl.)(1989)584.
[5] K. Funakubo and T. Kashiwa, Phys. Rev. Lett. 60(1988)2133.
[6] S. Aoki, I-H. Lee, and S.-S. Xue, BNL Report 42494 (Feb. 1989); Phys. Lett.
B229(1989)79; I-H. Lee, Nucl. Phys. B17(Proc. Suppl.)(1990)457.
[7] S. Aoki, I-H. Lee, J. Shigemitsu, and R.E. Shrock, Phys. Lett. B243(1990)403.
[8] S. Aoki, I-H. Lee, and R.E. Shrock, Nucl. Phys. B355(1991)383; S. Aoki, in Strong
Coupling Gauge Theories and Beyond, eds. T. Muta and K. Yamawaki (World Sci-
entific, 1991) p. 349; Nucl. Phys. B20(Proc. Suppl.)(1991)589.
[9] W. Bock, A.K. De, K. Jansen, J. Jersak, T. Neuhaus, and J. Smit, Phys. Lett.
B232(1989)436; Nucl. Phys. B344(1990)207; W. Bock and A.K. De, Phys. Lett.
B245(1990)207; A.K. De, Nucl. Phys. B20(Proc. Suppl.)(1991)572; W. Bock, A.K.
De, C. Frick, K. Jansen, and T. Trappenberg, Nucl. Phys. B371(1992)683.
[10] W. Bock, A. De, and J. Smit, preprint ITFA-91-30, HLRZ-91-81.
[11] M. Golterman, D. Petcher and J. Smit, Nucl. Phys. B370(1992)51.
[12] S. Aoki, Nucl. Phys. B26(Proc. Suppl.)(1992)477; preprint UTHEP-238.
[13] R. E. Shrock, Nucl. Phys. B4(Proc. Suppl.)(1988)374.
[14] M. Golterman and D. Petcher, Phys. Lett. B247(1990)370.
[15] S. Aoki and Y. Kikukawa, in preparation.
[16] M. Golterman, D. Petcher and E. Rivas, preprint Wash. U. HEP.
16
